Abstract In some planetary systems the orbital periods of two of its members present a commensurability, usually known by mean-motion resonance. These resonances greatly enhance the mutual gravitational influence of the planets. As a consequence, these systems present uncommon behaviours and their motions need to be studied with specific methods. Some features are unique and allow us a better understanding and characterisation of these systems. Moreover, mean-motion resonances are a result of an early migration of the orbits in an accretion disk, so it is possible to derive constraints on their formation. Here we review the dynamics of a pair of resonant planets and explain how their orbits evolve in time. We apply our results to the HD 45365 planetary system.
Introduction
In addition to the solar system, about 600 multi-planetary systems are known, that is, systems that contain at least two planets. Among these systems, at least eleven pairs of planets have been identified to have resonant orbits, or, more precisely, to be trapped in a mean-motion resonance (see Table 1 ). Many other pairs are listed as possible resonances, but our present knowledge of their orbital elements is not sufficient to confirm the resonant behaviour.
A mean-motion resonance occurs when two planets exert a regular, periodic gravitational influence on each other. The physics principle behind is similar in concept to a driven harmonic oscillator. As for the oscillator, a planet has a natural orbital frequency. Another planet doing the "pushing" will act in periodic repetition and has a cumulative effect on the motion of the considered planet. In mean-motion resonances, the orbital periods are related by a ratio of two small integers:
where P 1 and P 2 are the orbital periods of the inner and outer planet, respectively, and p and q are integers. The q value also designates the order of the resonance, and the resonance is called a (p + q):p mean-motion resonance. Mean-motion resonances greatly enhance the mutual gravitational interactions between the planets. In many cases, the result is an unstable interaction, in which the planets exchange momentum and shift orbits until the resonance no longer exists. For instance, the Kirkwood gaps in the spatial distribution of the asteroids correspond to orbital periods that are integer fractions of Jupiter's period. However, under some circumstances, meanmotion resonances can be self-correcting, so that the system remains stable with the planets in resonance. This is the case for all the planetary systems observed in mean-motion resonances (Table 1) . Correia et al (2005) In the solar system, we observe a 3:2 mean-motion resonance between Neptune and Pluto, which means that Pluto completes two orbits in the time it takes Neptune to complete three. Another example of a 3:2 resonance is present in the HD 45364 planetary system, but involving two giant planets . In Fig. 1 , we show the evolution of the HD 45364 system over 10 5 yr in the rotating frame of the inner and of the outer planet. Due to the 3:2 mean-motion resonance trapping, the relative positions of the two planets are repeated, preventing close encounters and the consequent destruction of the system. The paths of the planets in the rotating frame illustrate the relationship between the resonance and the frequency of conjunctions with the internal or external planet: the orbital configuration of the system is repeated every 3 orbits of the inner planet and every 2 orbits of the outer planet. In this particular frame, we are also able to see the libration of each planet around its equilibrium position. Fig. 1 Evolution of the HD 45364 planetary system over 10 5 yr in the co-rotating frame of the inner planet, b (left) and outer planet, c (right). x and y are spatial coordinates in a frame centered on the star and rotating with the frequency n b (left) or n c (right). Due to the 3:2 mean-motion resonance the planets never get too close, the minimal distance of approach being 0.371 AU, while the maximum distance can reach 1.811 AU. We also observe that the trajectories are repeated every 3 orbits of the inner planet and every 2 orbits of the outer planet. In this particular frame, we are also able to see the libration of each planet around its equilibrium position.
The most commonly observed mean-motion resonance is the 2:1, followed by the 3:2, but many other configurations are also possible (Table 1) . Sometimes more than two planets can be involved in a mean-motion resonance. In the solar system this is the case of the Jupiter's moons Io, Europa and Ganymede, which are involved in a 4:2:1 resonance, also known as Laplace resonance. For exoplanets, a similar example is known for the GJ 876 planets b, c and e (Rivera et al 2010) .
Conservative dynamics
We refer to the star as body 0, to the inner planet as body 1, and to the outer planet as body 2. Denoting the masses of the three bodies m i , we introduce for both planets
where G is the gravitational constant. We let r i be the position vectors of the planets with respect to the star andr i the canonically conjugated momenta (in astrocentric coordinates, see Laskar and Robutel 1995) . As usual in the literature, semi-major axes are noted a i , eccentricities e i , mean longitudes λ i , and longitudes of periastron ϖ i . For simplicity, we only consider the planar case. The Hamiltonian of the three-body problem readŝ
whereK is the Keplerian part (star-planets interactions) andĤ 1 is the perturbative part (planet-planet interactions). The Keplerian part is given bŷ
whereΛ i = β i √ µ i a i is the circular angular momentum of planet i. The perturbative part can be decomposed in direct and indirect interactions,
with ∆ 12 = ||r 1 − r 2 ||. This perturbation can be expressed as a function of elliptical orbital elements by expanding it in Fourier series of the mean longitudes λ i , and longitudes of the pericenter ϖ i (e.g., Laskar and Robutel 1995) . For a given meanmotion resonance (p + q):p, the corresponding combination of the mean longitudes undergoes slow variations (Eq. (1))
where n i =λ i ≈ 2π/P i , while other (non-resonant) combinations of these angles circulate rapidly. The long-term evolution of the orbits is thus accurately described by the averaged Hamiltonian over the non-resonant combinations of the mean longitudes. By performing this averaging and the classical angular momentum reduction, one obtains a two degrees of freedom problem (e.g., Delisle et al 2012) and two constants of motion. The first constant of motion is the total angular momentum,
The second, which comes from the averaging, is a combination of the circular angular momenta (or semi-major axes, e.g., Michtchenko and Ferraz-Mello 2001) ,
As shown in Delisle et al (2012) , the constant Γ can be used as a scaling factor and does not influence the dynamics of the system except by changing the scales of the problem (in space, energy, and time). The elimination of Γ is achieved by performing the following change of coordinates:
and t =t/Γ 3 , while angle coordinates are unchanged. Using these new coordinates, the dynamics of the system depends on only one parameter, G =Ĝ/Γ = G 1 + G 2 , the renormalized angular momentum. The remaining two degrees of freedom can be represented by both resonant angles,
and both angular momentum deficits (Laskar 2000) , which are canonically conjugated to the resonant angles,
with
We can also introduce rectangular coordinates,
It should be noted that for small eccentricities, |x i | ∝ e i . The averaged Hamiltonian takes the form
whereS is the secular part of the Hamiltonian depending on the difference of longitudes of periastron (∆ ϖ = σ 2 − σ 1 ), but not on mean longitudes of the planets, and R is the resonant part. These two parts can be expanded as power series of eccentricities, or, more precisely, of x i (Laskar and Robutel 1995; Delisle et al 2012) . The Keplerian part can be expressed as a function of the momenta I i by substituting the expressions of Λ i in Equation (3),
where D is the total angular momentum deficit (Laskar 2000) ,
δ is the total angular momentum deficit at exact commensurability (which is a constant of motion),
and Λ i,0 denotes the value of Λ i at exact commensurability. The secular part contains terms of degree two and more in eccentricities while the resonant part contains terms of degree q and more. Thus, the simplest model of the resonance should take into account at least those terms of order q in eccentricities in the perturbative part,
whereS q is the secular part truncated at degree q, and R k are constant coefficients (see Delisle et al 2012) . The equations of motion are given by
This problem is much simpler than the initial four degrees of freedom problem. However, in general it is still non-integrable since it presents two degrees of freedom. For a first-order mean-motion resonance (such as the 2:1 or 3:2 resonances) the simplest Hamiltonian reads
where there are no secular terms since they only appear at degree two. It is well known that the Hamiltonian (18) is integrable (see Sessin and Ferraz-Mello 1984; Henrard et al 1986; Wisdom 1986 ). Introducing R and φ such that
and the new coordinates
the Hamiltonian (18) reads
In these coordinates, the Hamiltonian does not depend on the angle associated with u 2 . It depends only on the action u 2ū2 , which is thus a new constant of motion of the system. We are then left with only one degree of freedom (u 1 ,ū 1 ) and the problem is integrable. However, if one introduces second-order terms in the Hamiltonian of a first-order resonance, this simplification no longer occurs. It does not occur either, in the case of higher order mean-motion resonances, even at the minimal degree of development of the Hamiltonian. It is nevertheless possible to make some additional hypothesis in order to obtain an integrable system that still captures most of the characteristics of the resonant motion (see Delisle et al 2014) .
In Fig. 2 we show the energy levels of the Hamiltonian (21) on the plane defined by u 2 = 0, in the case of the HD 45364 planetary system (3:2 mean-motion resonance, φ = −31.45 • ), for increasing values of δ (see Eq. (15)). We distinguish three areas of interest: two zones of circulation (internal circulation for low eccentricities and external circulation for high eccentricities), and a libration zone (banana-shaped level curves) separated from both circulation areas by two separatrices. Fixed points of the system, corresponding tou i = 0, are marked with green and blue dots (for stable ones), and a red cross (for the unstable one). The green dot corresponds to the libration center. In Fig. 3 we show the positions of these three fixed points as a function of the parameter δ . When δ increases, the libration area moves to higher eccentricities (i.e. higher values of |u 1 |, Fig. 3 ) and the internal circulation area takes more space (Fig. 2) . On the contrary, for smaller values of δ , the internal circulation and the libration areas tend to shrink and eventually completely disappear, leaving only the external circulation area (Fig. 2) . The unstable one is represented by a red cross, and the red curves highlight the separatrices of the resonance (right). In the right panel, the blue fixed point is slighlty shifted from zero. This is also the case of the green fixed point in the left and center panels. This can cause an artificial libration of the resonant angles σ i , while the system is not resonant (not in between the separatrices of the resonance). 
Occurrence of mean-motion resonances
When multi-planetary systems are found, one may ask whether a pair of its members is in resonance or not. A straightforward test is to check if the period ratio can be given by the ratio of two integers (Eq. (1)). However, this simple test can be misleading because there is always a rational number close to any real number. Moreover, the resonant ratio does not depend solely on the orbital periods. Indeed, form expression (8), the exact resonance occurs for
whereπ i corresponds to the precession rate of the apsidal line of planet i. A frequently used test is then to check if the resonant angle σ i (Eq. (8)) is in libration. Nevertheless, for small eccentricities this libration can be artificial (Delisle et al 2012) : the center of the circulation zone is shifted from zero ( Fig. 2) , and the system describes a small circle around the equilibrium point. Thus, the angles σ i appear to librate because their origin is taken at zero (Fig. 2) . The ultimate test to confirm the presence of a mean-motion resonance is to perform a frequency analysis (Laskar 1988 (Laskar , 1990 ) of the orbital solution and check if the mean-motions n i and the eigenmodes of ϖ i , that we denote g i , are indeed resonant:
In addition, unless the libration amplitude of the resonant angle σ i is fully damped, we should be able to detect a true libration frequency associated with this motion (see Fig. 1 ). In Table 2 , we provide a quasi-periodic decomposition of the resonant angle σ 1 in terms of decreasing amplitude for the 3:2 resonant HD 45364 planetary system . All the quasi-periodic terms are easily identified as integer combinations of the fundamental frequencies. The fact that we are able to express all the main frequencies of σ 1 in terms of exact combinations of the fundamental frequencies is a signature of a very regular resonant motion. Since the gravitational interactions for planets involved in mean-motion resonance are very strong, the orbital solutions directly obtained from the observational data are usually subject to large uncertainties. Indeed, the orbital elements undergo fast variations and therefore models based on Keplerian elliptical orbits are not appropriate. A correct reduction of the data requires the use of n-body algorithms that take into account the mutual interactions between the planets (e.g. Correia et al 2005 Correia et al , 2009 Correia et al , 2010 Rivera et al 2010) . Even using these algorithms, the best fit solution is sometimes unstable, because small deviations of the true orbital elements render the system chaotic. A more reliable analysis of resonant systems thus recommends that we perform a global dynamical analysis in the vicinity of the best fit solution, in order to check for the stable regions. Only when a planetary system is found inside a stable resonant island we can say with confidence that it is trapped inside a specific mean-motion resonance Table 2 Quasi-periodic decomposition of the resonant angle σ 1 = 2λ 1 − 3λ 2 + ω 1 for an integration over 10 5 yr of the orbital solution of the HD 45364 planetary system . We have
, where the amplitude and phases A i , φ i are given in degree, and the frequencies ν i in degree/year. We only give the first 7 terms, ordered by decreasing amplitude. All terms are identified as integer combinations of the fundamental frequencies n b , n c , g 1 , g 2 , and the libration frequency l σ .
In Fig. 4 we show a stability map for the HD 45364 planetary system that confirms the presence of the the 3:2 resonance. For each planet, the system is integrated on a regular 2D mesh of initial conditions, with varying semi-major axis and eccentricity, while the other parameters are retained at their nominal values of the best fit. The solution is integrated over 10 4 yr for each initial condition and a stability indicator is computed to be the variation in the measured mean motion over the two consecutive 5,000 yr intervals of time. For regular motion, there is no significant variation in the mean motion along the trajectory, while it can vary significantly for chaotic orbits (Laskar 1990 (Laskar , 1993 Correia et al 2005 Correia et al , 2009 ). The result is reported in color, where "red" represents the strongly chaotic trajectories, and "dark blue" the extremely stable ones. In both plots (Figs. 4a,b) , there is perfect coincidence between the stable 3:2 resonant islands, and curves of minimal χ 2 obtained in comparing with the observations. Since these islands are the only stable zones in the vicinity, this picture presents a very coherent view of dynamical analysis and observational data, which reinforces the confidence that the HD 45364 system is in a 3:2 resonant state.
Formation and evolution of mean-motion resonaces
During the initial stages of planetary formation, planets are embedded in an accretion disk and their orbits can be modified through dissipative processes. This may lead to capture of the planets in resonance, and as long as the disk is present the orbits continue to evolve. The two main parameters that have to be tracked during this evolution are the parameter δ (see Eq. (15)) which describes the evolution of the phase space (and of the eccentricities for resonant systems), and the relative amplitude A = sin 2 (θ max /2) (see Fig. 2 ), which describes the spiraling of the trajectory with respect to the separatrix of the resonance. Dissipative forces act Fig. 4 Stability analysis of the HD 45364 planetary system. For a fixed initial condition of the outer (a) and inner planet (b), the phase space of the system is explored by varying the semi-major axis a k and eccentricity e k of the other planet, respectively. The step size is 0.001 AU in semi-major axis and 0.005 in eccentricity. For each initial condition, the full system is integrated numerically over 10 4 yr and a stability criterion is derived with the frequency analysis of the mean longitude (Laskar 1990 (Laskar , 1993 . As in Correia et al (2005) , the chaotic diffusion is measured by the variation in the frequencies. The "red" zone corresponds to highly unstable orbits, while the "dark blue" region can be assumed to be stable on a billion-years timescale. The contour curves indicate the value of χ 2 obtained for each choice of parameters. In this case there is perfect correspondence between the zone of minimal χ 2 and the 3:2 stable resonant zone, in "dark blue".
on the semi-major axes and the eccentricities of both planets. The evolution of the system can be described by the three following timescales (which may depend on the semi-major axes and eccentricities of the planets): (ξ 1 /ξ 1 ) d , (ξ 2 /ξ 2 ) d , and (α/α) d , with α = a 1 /a 2 . For small eccentricities, we have ξ i ≈ e i (Eq. (10)), thus
The evolution of δ is given by (Delisle et al 2015)
while the libration amplitude (for systems captured in resonance) follows
Because of disk-planet interactions, a torque is exerted on the planets that induces a modification in their orbital elements and subsequent migration in the disk (e.g., Tremaine 1979, 1980) . In particular, the angular momentum of each planet evolves on an exponential migration timescale T m,i , while eccentrici-ties evolve on an exponential damping timescale T e,i (e.g., Papaloizou and Larwood 2000; Terquem and Papaloizou 2007; Goldreich and Schlichting 2014) 
which translates toξ
andα
where
m,1 . With these simple decay laws, we can deduce the evolution of the parameters of interest for resonant systems (δ andȦ). Assuming that the damping timescale is much shorter than the migration timescale (T e,i T m,i ) (e.g. Goldreich and Tremaine 1980) , and neglecting second order terms in D (D 2 ∝ e 4 ), from expression (24) we obtain (Delisle et al 2015) δ
These timescales can also be expressed using more usual notations 
where α 0 ≈ (p/p+q) 2/3 and e 0 = (e 1 /e 2 ) ell are respectively the semi-major axis ratio and the eccentricity ratio at the center of the resonance (Fig. 2) , and m = m 1 /m 2 . Depending on the values of T M and T E , different evolution scenarios for δ are possible. All these equations remain valid for T M and T E negative. In most cases the disk induces a damping of eccentricities (T e,i > 0, thus T E > 0), but some studies (e.g., Goldreich and Sari 2003) suggest that an excitation of the eccentricities by the disk is possible (T e,i < 0, thus T E < 0). The timescale T M is positive if the period ratio between the planets (P 2 /P 1 ) decreases (convergent migration). But if the planets undergo divergent migration (P 2 /P 1 increases), T M is negative. This does not depend on the absolute direction (inward or outward) of the migration of the planets in the disk, but only on the evolution of their period ratio.
In the case of divergent migration, the planets cannot be trapped in resonance (e.g., Henrard and Lemaître 1983) . The system always ends up with a period ratio higher than the resonant value, and this does not depend on the damping or excitation of eccentricities. The case of convergent migration is more interesting. If the initial period ratio is higher than the resonant value, the planets can be locked in resonance. It has been shown (see Henrard and Lemaître 1983; Batygin 2015 ) that for first order resonances, if the migration is slow enough (adiabatic condition), and the initial eccentricities are small, the capture in resonance is certain (probability of 1). In Fig. 5 , we illustrate three different scenarii of resonance crossing for HD 45364. In the first case (Fig. 5 (a) ), the migration is convergent and the planets get captured in resonance. The period ratio is locked at the resonance value (Fig. 5 (a) top) , while the eccentricities (or equivalently |u 1 |) increase (Fig. 5 (a) bottom) . In the second case (Fig. 5 (b) ), the migration is convergent but much faster, which causes the resonance crossing to be non-adiabatic (Henrard and Lemaître 1983; Batygin 2015) . The system crosses the resonance without being locked (Fig. 5 (b) top) , and the excentricities are slighlty excited by this crossing (Fig. 5 (b) bottom) . Finally, in the third case (Fig. 5 (c) ), the migration is divergent, and the system crosses the resonance without being locked (Fig. 5 (c) top) . The excentricities are significantly excited by the resonance crossing (Fig. 5 (c) bottom) .
The capture in resonance induces an excitation of the eccentricities of the planets (δ | M = 1/T M > 0). If T E < 0 (excitation of the eccentricities by the disk) or T E T M (inefficient damping), δ (as well as the eccentricities) does not stop increasing. When the eccentricities reach values that are too high, the system becomes unstable, and the resonant configuration is broken. However, the most common scenario is the case of efficient damping of the eccentricities (0 < T E T M ). In this case, δ reaches an equilibrium value, for which the eccentricities stabilize ( δ | d = 0, see Eq. (30)):
In the case of convergent migration, even if the system is captured in resonance and the parameter δ reaches the equilibrium δ eq , the system can still evolve. Indeed, the libration amplitude can increase until the system crosses the separatrix and escapes from resonance. According to Eq. (25), the evolution of the amplitude depends on εε| d and ε 2δ | d . We have
where ε 2 can be computed using elliptic integrals (see Delisle et al 2014)
The first term ( εε| d ) does not depend on the migration timescale but only on the damping timescale. The second term ( ε 2δ | d ) vanishes when the system reaches the equilibrium δ = δ eq , since δ | d = 0. This is not surprising because the first term , and (δ ,P 2 /P 1 ) plane (bottom), superimposed with the positions of the fixed points of the 3:2 resonance in the HD 45364 system (see Fig. 3 ). The initial semi-major axis of the inner planet is set to 10 AU, both orbits are circular and the simulation start at conjunction. The ratio K = T m,i /T e,i is set to 15. In (a), we set a 2 = 15 AU such that the period ratio (≈ 1.8) is higher than 3/2, the inner planet does not migrate, and the outer planet migrates inward (convergent migration) with a timescale T m,2 = 5 × 10 5 yr. The system is captured in resonance following the green fixed point (see Fig. 2 ) and the eccentricities are excited (u 1 increases). In (b), the initial conditions are the same as in (a), except T m,2 = 5 × 10 3 yr. The system crosses the resonance without beeing captured, and the track jumps from the green to the blue fixed point (with a non-negligible amplitude of oscillation). In (c), we set a 2 = 12.25 (P 2 /P 1 ≈ 1.36 < 1.5), the outer planet does not migrate, and the inner planet migrates inward (divergent migration) with a timescale T m,1 = 5 × 10 5 yr. The system crosses the resonance without being captured, and the track jumps from the blue to the green fixed point (with a non-negligible amplitude of oscillation).
describes the evolution of the absolute libration amplitude ε 2 , while the second one describes the evolution of the resonance width, which does not evolve if the phase space does not evolve (constant δ ). Finally, we obtain (see Eq. (25))
The libration amplitude increases if
where the eccentricity ratio is evaluated at the elliptical fixed point (ell subscript) at the center of the resonance. In the outer circular restricted case e 2 = 0 and T e,2 = +∞, so the amplitude always increases and the equilibrium is unstable (Goldreich and Schlichting 2014) . However, in the inner circular restricted case (e 1 = 0
and T e,1 = +∞), the amplitude always decreases leading to a stable equilibrium (Delisle et al 2015) . This result assumes that the eccentricity ratio remains close to the forced value (value at the elliptical fixed point). This is verified for a small libration amplitude, but when the amplitude increases, the eccentricity ratio oscillates and may differ significantly from the forced value. This model thus only provides a first approximation of the mean value of this ratio in the case of a high libration amplitude. When a system is observed to host two planets locked in a mean-motion resonance, such as HD 45364, it is likely that this resonant configuration was stable (or unstable but with a very long timescale) when the disk was present. Thus, the present eccentricities should still correspond to the equilibrium ones (33), and the libration amplitude was probably either decreasing or increasing on a very long timescale (Eq. (38) 
The ratio T E /T M of the damping and migration timescales is then constrained by the observations. This ratio depends on the four timescales involved in the model, which themselves depend on the properties of the disk and the planets. There is a wide diversity of disk models in the literature, but constrains on the primordial disk can be easily obtained as long as expressions for T e,1 , T e,2 , T m,1 , and T m,2 are available. For instance, for type-I migration we can write (Delisle et al 2015) :
where τ and K are parameters linked to the disk local surface density and scale high, respectively. The constraint provided by the observation of the equilibrium eccentricities reads as (see Eq. (33))
where δ (Eq. 15)),
, and C 2 = me
can all be derived from the observations. Since K is an increasing function of τ, the analytical criterion for stability (Eq. (39)) provides a lower bound for both τ and K. We apply these analytical criteria to the HD 45364 planetary system, which is observed in a 3:2 resonance . We have for this system δ = 6.0 × 10 −3 , C 1 = 0.93, and C 2 = 2.3 with a forced eccentricity ratio e 0 ≈ 2.5. The stability constraints give τ 6.3 (Eq. (39)) and K 9.4 (Eq. (40)). We also performed numerical simulations with different values of τ and K (given by Eq. (41)). We fixed the migration timescale for the outer planet (T m,2 = 5 × 10 5 yr), and varied the three other timescales: T m,1 = τT m,2 , T e,2 = T m,2 /K, T e,1 = τT m,2 /K. The semi-major axes are initially 10 and 14 AU (period ratio of about 1.65), the eccentricities are 0.002 with anti-aligned periastrons and coplanar orbits. The planets are initially at periastrons (zero anomalies). The evolution of the semimajor axes, the period ratio, the eccentricities, the eccentricity ratio, and the angles are shown in Fig. 6 . According to the simulations, the libration amplitude increases for τ 10 (transition between 5-15, see Fig. 6 ), which is comparable to the analytical result (τ 6.3). Semi-major axes, period ratio, eccentricities, eccentricity ratio, and angles evolution for the HD 45364 system with different dissipation timescale ratios τ = T e,1 /T e,2 = T m,1 /T m,2 . The ratio K = T m,i /T e,i is set according to expression (41) to reproduce the observed equilibrium eccentricities (except for the last column). We used τ = +∞, 15, 5, and 1.8 with K = 15, 12, 8, and 18 respectively, for the four shown simulations (four columns). The libration amplitude decreases for the first two simulations (τ = +∞, 15) and increases for the last two (τ = 5, 1.8). The value given by our analytical criterion for the transition between decreasing and increasing amplitude is τ ∼ 6.3. In the last case (right), the system escapes from the resonance just before the end of the 1 Myr simulation.
Conclusion
We have revisited here the dynamics of mean-motion resonances, their detection, stability, formation and evolution. Due to the strong mutual gravitational interactions between planets involved in resonances, the dynamics is more complex than for non-resonant systems. However, when we take into account some simplifying assumptions, we can reduce the degrees-of-freedom, and the resonant dynamics can be described by the level curves of an integrable problem (Figs. 2 and 3) . Since the orbital elements that we obtain from exoplanet observations are still subject to some uncertainties, it is not straightforward to determine whether a system is in resonance or not. In particular, the simple computation of the period ratio of two planets is usually not sufficient to decide if they are in resonance. A system can only be said to be in a mean-motion resonance with confidence when it is observed in libration in between the separatrices of the resonance (Fig. 2) , and that no stable orbit outside of the resonant island is compatible with the observations (Fig. 4) . The evolution of a resonant pair of planets undergoing disk-planet interactions mainly depends on two parameters: T E /T M (damping vs migration timescale) and T e,1 /T e,2 (damping in inner planet vs outer planet). The ratio T E /T M governs the equilibrium eccentricities of the planets (Eqs. (30) and (33)). The ratio T e,1 /T e,2 governs the stability of this equilibrium (Eqs. (37) and (38)). The present resonant configuration thus allow us to put constraints on these timescales, which in turn are related to the surface density and scale high of the initial disk. In this paper we have selected one real example, the HD 45364 planetary system, to illustrate all previous results. This system has two giant planets involved in a 3:2 mean-motion resonance, whose orbits are very close and stability can only exist due to the presence of the protective resonant mechanism. Other systems exist (see Table 1 ), with different masses and orbital period ratios, but the global picture drawn for HD 45364 should not vary too much.
